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STABILITY AND COERCIVITY FOR TORIC POLARIZATIONS
TOMOYUKI HISAMOTO
Abstract. We prove that a toric polarized manifold is uniformly K-stable in the toric
sense if and only if the K-energy functional is coercive modulo the torus action. Our
key ingredient describes slope of the reduced J-functional along a torus-equivariant
test configuration. It further provides a formulation for general polarized manifolds.
We explain how in this situation the sub-torus, actually the center, controls the whole
automorphism group.
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Introduction
The idea of uniform K-stability was first introduced by the thesis [Sze´06] and devel-
oped as it can be seen in [Der15], [Der16], [BHJ15], and [BHJ16].
In analytic point of view the uniform K-stability should be translated into the quan-
titative growth condition of the K-energy functional defined over the space of metrics.
Let H be the collection of positively curved fiber metrics on L. Given an automorphism
g ∈ Aut(X,L), ϕg denotes the pull-back of ϕ ∈ H.
Definition. Let G be a closed connected algebraic subgroup of Aut(X,L). We say that
the K-energy functional M : H → R is G-coercive (with respect to Aubin’s J-functional)
if there exists a constant ε, C > 0 such that
M(ϕ) > ε inf
g∈G
J(ϕg)− C
holds for any ϕ ∈ H.
The coercivity originates from Aubin’s strong Moser-Trudinger inequality on the two-
sphere. The relation with the existence of a Ka¨hler-Einstein metric was first discussed
by [Tian97]. This condition assures a minimizer in the appropriate completion of H and
in the Fano case the weak minimizer in fact defines a smooth Ka¨hler-Einstein metric
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2 TOMOYUKI HISAMOTO
(see [BBGZ13]). On the other hand, the new technique exploited by [DR17], [BDL16]
shows that such coercivity in fact follows from the existence of a smooth constant scalar
curvature Ka¨hler metric. See also Theorem 3.3 in our setting. The uniform estimate
even could help seeking a constant scalar curvature Ka¨hler metric. See [BBJ15] for the
detail of this direction.
This paper is devoted to establish the expected correspondence between the stability
and the coercivity, for toric polarized manifolds. Instead we take a compact sub-torus
S = Hom(C∗, T ) ⊗ S1 of the maximal torus T and restrict ourselves to the space of
invariant metrics HS, according to the symmetry of this class of manifolds. A toric
test configuration is represented by a convex, rational piecewise-linear function f on
the moment polytope P ⊂MR. Following [Don02] we define
L(f) :=
∫
∂P
f − area(∂P )
vol(P )
∫
P
f.
In addition, let us introduce a new invariant J-norm as
‖f‖J := inf
`
{
1
vol(P )
∫
P
(f + `)−min
P
{f + `}
}
,
where ` runs through all the affine functions. This gives the toric interpretation of the
non-Archimedean J-functional JNA(X ,L) defined by [BHJ15], in the setting of general
polarized manifolds and their test configurations (X ,L).
Theorem A. For any toric polarized manifold with the maximal torus T , K-energy
functional is T -coercive in HS if and only if there exists a constant ε > 0 such that
L(f) > ε ‖f‖J
holds for any convex, rational piecewise-linear function f : P → R.
We call the algebraic condition uniform K-stability in the toric sense. Whenever f is
affine, the condition yields L(f) = 0 hence it includes classical Futaki’s obstruction. The
proof of the coercivity originates from [ZZ08b] where they adopt the larger “boundary
norm” to measure the uniformity. At the same time Theorem 0.2 of [ZZ08b] assures
wealthy examples of uniformly K-stable polarization. The converse implication needs
a rather new argument, however, as the both proofs show our main declaration is that
J-norm just fits into the coercivity concept and it could work for general polarizations.
In fact we derive the stability from T -coercivity for general polarized manifolds. This
is a consequence of the slope formula which originates from the seminal work of G. Tian.
We consider a general polarized manifold (X,L) with a fixed torus T ⊆ Aut(X,L).
As long as a test configuration (X ,L) is T -equivariant, one may define for any one-
parameter subgroup µ ∈ N := Hom(C∗, T ) the new test configuration (Xµ,Lµ) twisted
by µ. The definition naturally extends to NQ = N ⊗ Q. We then define the reduced
non-Archimedean J-functional
JNAT (X ,L) := inf
µ∈NQ
JNA(Xµ,Lµ).
When (X,L) is toric and the test configuration is constructed from a convex function, it
is easy to see JNAT (X ,L) = ‖f‖J . On the other hand, the reduced J-energy is naturally
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defined for ϕ ∈ HS as JT (ϕ) := infg∈T J(ϕg). Let us now take an S-invariant fiber
metric Φ on L so that the C∗-action pull-backs Φ to define the ray ϕt ∈ H (t ∈ [0,∞)).
For the other metric Ψ the difference |ϕt − ψt| is bounded uniformly in t so that the
choice of Φ is not essential. In the following we may even take a weak geodesic ray
associated with the test configuration.
Theorem B. For any fiber metric Φ on a T -equivariant test configuration (X ,L) we
have
JT (X ,L) = lim
t→∞
JT (ϕ
t)
t
.
Note that even in the toric case g ∈ T attaining the infimum JT (ϕt) depends on t.
This is our technical point in the proof of Theorem A.
In the first section we show Theorem B for a general polarization. Secondly we
go back to the toric setting and derive the coercivity from stability. In the last we
discuss stability and coercivity for general polarizations. The highlight is Theorem
3.4. We produce the Ka¨hler-Einstein metric from the coercivity which regards the full
automorphism group.
Acknowledgment. The author express his gratitude to Professor R. Berman. Quite a
few ideas for the proof of Theorem B are based on by his unpublished notes. The author
would like to thank Professor S. Boucksom and M. Jonsson for fruitful discussions. He
is supported by JSPS KAKENHI Grant Number 15H06262.
1. Slope formula for the reduced J-functional
In this section we work over a general polarized manifold (X,L). A Ka¨hler metric ω
is chosen to be in the first Chern class c1(L). The volume V := L
n is then represented
as
∫
X
ωn. Define Sˆ := −n
2
V −1KXLn−1 which is given by the mean value of the scalar
curvature.
1.1. Energy functionals. There are the two main energy functionals in the study
of Ka¨hler geometry, both of which are defined on the space of positively curved fiber
metrics. One is Aubin-Mabuchi energy E and the other is Mabuchi’s K-energy M . We
adopt here the additive notation for the fiber metric so that the metric is denoted by ϕ.
In a local trivialization neighborhood it is identified with a function and the metric is
just the multiplication of e−ϕ. The curvature is given by
√
-1∂∂¯ ϕ. Any Ka¨hler metric
in c1(L) may be written as ω = ωϕ =
√
-1∂∂¯ ϕ and such a fiber metric ϕ is unique up
to a constant. It is convenient to write the two energies in terms of ϕ. We introduce H
as the set of smooth ϕ with
√
-1∂∂¯ ϕ positive definite and consider objects as functions
in H. For example the scalar curvature is written as Sϕ = Sωϕ . The two energies in H
are characterized by their differential:
δE(ϕ) =
1
V
∫
X
(δϕ)ωnϕ and
δM(ϕ) = − 1
V
∫
X
(δϕ)(Sϕ − Sˆ)ωnϕ.
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They actually appears in the asymptotic equivariant Riemann-Roch thoerem where δϕ
is equivalent to a Hamilton function.
Taking a reference metric ψ we define Aubin’s J-functional
J(ϕ) =
1
V
∫
X
(ϕ− ψ)ωnψ − E(ϕ) > 0.
Since J is scale-free: J(ϕ + c) = J(ϕ), it decends to a functional in ω. Following
[BEGZ10], the definition of E and J further extends to a singular ϕ as one takes ωnϕ as
the non-pluripolar Monge-Ampe`re product. Another normalization we may take is
J ′(ϕ) := sup
X
(ϕ− ψ)− E(ϕ).
It holds (e.g. from Proposition 2.7 of [GZ05]) that
J(ϕ) 6 J ′(ϕ) 6 J(ϕ) + C
for some constant C depends on ψ. J-functional has natural reason for the geometry
of H because it can be compared with Darvas’ L1-distance
d(ϕ, ψ) := inf
ϕt
∫ 1
0
∫
X
∣∣ϕ˙t∣∣ωnϕtdt,
where the infimum is taken over all smooth paths ϕt(t ∈ [0, 1]) connecting ϕ with ψ.
See [Dar15] for the detail.
1.2. Non-Archimedean counterparts. G. Tian introduced the notion of K-stability
for a Fano manifold, observing behavior of the K-energy along a special degeneration.
Donaldson gave an algebraic formulation for a polarized manifold and generalizes the
Futaki invariant to a test configuration where the degeneration allows a non-normal
central fiber.
Definition 1.1. Test configuration is a family of polarized schemes pi : (X ,L) → C
endowed with an action λ : C∗ → Aut(X ,L) such that the general fiber is isomorphic to
(X,L).
Throughout the paper we assume X is normal. We identify the fiber (X1,L1) with
(X,L) in the sequel. If there exists an equivariant morphism f : X ′ → X such that
f ∗L = L′ the two test configurations are considered to be equivalent. Replace X with
X ′, we may assume that X dominates the trivial family by ρ : X → C×X. It enables
us to compare L with ρ∗p∗2L.
In [BHJ16] we described the slope of the energy along an arbitrary test configuration.
Donaldson-Futaki invariant is further interpreted to the non-Archimedan counterpart
of the functional which is defined for non-Archimedean fiber metrics. For a quick
introduction, we take the compactification (X ,L) → P1 so that the family outside
0 ∈ P1 is the product space endowed with trivial C∗-action.
Definition 1.2. Non-Archimedean Aubin-Mabuchi energy may be defined by the inter-
section number
ENA(X ,L) = L
n+1
(n+ 1)V
.
STABILITY AND COERCIVITY FOR TORIC POLARIZATIONS 5
We define non-Archimedean J-energy as
JNA(X ,L) = V −1L(ρ∗p∗2L)n − ENA(X ,L).
Non-Archimedean K-energy is
MNA(X ,L) = V −1(K logX/P1L
n
) + SˆENA(X ,L).
We will not use these expression in this paper. For our purpose it is enough to know
they actually give the slope of the original energies. More precisely, we take a smooth
fiber metric Φ of L which gives the equivalent class of ray on H.
Theorem 1.3. ([BHJ16]) Let Φ be a smooth fiber metric of a test configuration (X ,L).
For the associated ray ϕt(x) := Φ(λ(e−t)x) on H we have
ENA(X ,L) = lim
t→∞
E(ϕt)
t
and
MNA(X ,L) = lim
t→∞
M(ϕt)
t
.
In the above it is enough to have the metric Φ defined over the unit disk ∆. Any ϕ on
(X,L) = (X1,L1) extends to the boundary pi−1(∂∆) in the way ϕ(λ(e
√−1θ)x) = ϕ(x)
and there exists unique solution to the Dirichlet problem{
(
√
-1∂∂¯ Φ)n+1 = 0 on pi−1(∆)
Φ = ϕ on pi−1(∂∆).
Moreover, it is equivalent to the envelope of all singular fiber metric Ψ which satisfies
lim sup
z→ζ
Ψ(z) 6 ϕ(ζ)
for any boundary point ζ ∈ pi−1(∂∆). Unfortunately, however, the solution is not
smooth. If it is smooth the associated ϕt defines a geodesic with respect to Mabuhi’s
Riemannian metric
‖u‖2 = 1
V
∫
X
u2ωnϕ.
In general ϕt is called weak geodesic ray. In Theorem 1.3 one can take ϕt the weak
geodesic ray for ENA, but it likely fails for MNA.
1.3. Reduced J-functional. In the sequel we fix a complex torus T ⊆ Aut(X,L). It
contains the tautological subgroup C∗ which acts on the fibers as the constant multi-
plication. Let N := Hom(C∗, T ) be the lattice of one-parameter subgroups. Note that
the compact subtorus S := N ⊗ S1 is naturally obtained. In this subsection we explain
the setting for the case when the constant-scalar curvature Ka¨hler metric is known to
be S-invariant. Since S is assumed to be a subgroup of Aut(X,L), we may even define
the pull-back of the fiber metric: ϕg(x) = ϕ(gx). Let us introduce the reduced J-energy
JT (ϕ) := inf
g∈T
J(ϕg). (1.1)
We may also define the reduced L1-distance
dT (ϕ, ψ) := inf
g∈T
d(ϕ, ψ).
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For our purpose it is more direct to use the symmetric I-functional
I(ϕ, ψ) :=
1
V
∫
X
(ϕ− ψ)(ωnϕ − ωnψ),
which is actually comparable to J-energy as follows:
1
n+ 1
I(ϕ, ψ) 6 Jψ(ϕ) 6 I(ϕ, ψ).
By Theorem 1.8 of [BBEGZ11] I-functional satisfies “almost-triangle inequality”
cnI(ϕ1, ϕ3) 6 I(ϕ1, ϕ2) + I(ϕ2, ϕ3)
so it behaves like a distance. The constant cn depends only on the dimension. We may
substitute the reduced I-functional
IT (ϕ, ψ) := inf
g∈T
I(ϕ, ψg) = inf
g∈T
I(ϕg, ψ). (1.2)
for the L1-distance. Taking the infimum of cnI(ϕ1, ϕ3) 6 I(ϕ1, ϕ2,g) + I(ϕ2,g, ϕ3), one
obtains the almost-triangle inequality for IT .
Next we discuss the non-Archimedean interpretation of the reduced J-functional. We
assume test configurations are T -equivariant, as we considered only S-invariant metrics.
More precisely, we assume the extended T -action on (X ,L), which commutes with the
C∗-action. Then the associated weak geodesic ray ϕt emanating from ϕ ∈ HS is S-
invariant for all t since it is the envelope. We need the following lemma, which is a
consequence of the fact that a torus-equivariant vector bundle over C is equivariantly
trivializable (see the proof of [Don02], Lemma 2).
Lemma 1.4. For any T -equivariant test configuration (X ,L) the natural representation
T → Aut(X0, kL0) is faithful for any sufficiently large k. Moreover, the induced action
λ : C∗ → Aut(X0, kL0) factors through some torus T ′ containing the image of T so that
it is naturally identified with the element λ ∈ N ′. 
Since Aut(X0, kL0) is stable for large k, so is a choice of T ′. Regarding the above
lemma, we consider the same space (X ,L) endowed with a possibly irrational λ ∈ N ′R
and call it an irrational T -equivariant test configuration. We remark that it is equiv-
alent to allowing real parameterization for the associated finitely generated filtration
(explained e.g. in [BHJ15]).
Given a T -equivariant test configuration (X ,L), one can twist it by any µ ∈ NR to
obtain a new irrational T -equivariant test configuration (Xµ,Lµ). As a family (Xµ,Lµ)
is isomorphic to (X ,L) but the action is changed to λ + µ ∈ N ′R. If one denotes the
weights for the C∗-module H0(X0, kL0) by λ1, · · ·λNk , the same basis diagonalizes µ so
that the weights for (Xµ,Lµ) is λ1 + µ1, · · · , λNk + µNk .
We are going to describe JNA(Xµ,Lµ) in terms of the weights. Notice that the
compactification Xµ depends on the action, since it is forced to be trivial around∞ ∈ P1.
We here use another description of the non-Archimedean J-functional in [BHJ15]. It
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follows from subsection 7.2 of [BHJ15] that for rational µ
JNA(Xµ,Lµ) = lim
k→∞
[
max
i
λi + µi
k
− 1
Nk
Nk∑
i=1
λi + µi
k
]
. (1.3)
The limit exists by the homegeneity. For general µ ∈ NR we extend JNA(Xµ,Lµ) by
the continuity which is a consequence of the following proposition.
Proposition 1.5. Let (X ,L) be a T -equivariant test configuration and ϕt the associated
weak geodesic ray. For any µ ∈ NQ we have the analytic description
JNA(Xµ,Lµ) = sup
X
(ϕ˙0 + hµ)− 1
V
∫
X
(ϕ˙0 + hµ)ω
n
ϕ0 ,
where hµ is the normalized Hamilton function in terms of ϕ
0. In particular JNA(Xµ,Lµ)
is continuous in µ ∈ NQ.
Proof. From the main argument of [His16a], [His16b] we have the convergence to the
push-forward measure
1
Nk
∑
δλi+µi
k
→ (ϕ˙0 + hµ)∗(V −1ωn).
On the other hand Theorem 5.16 of [BHJ15] shows that whenever µ is rational maxi
λi+µi
k
is stable for any k sufficiently divisible.

Let us define the reduced non-Archimedean J-functional as
JNAT (X ,L) := inf
µ∈NR
JNA(Xµ,Lµ). (1.4)
The above infimum in fact attained by a rational µ. One can further check from
(1.3) that JNA(Xµ,Lµ) is rational, piecewise-linear convex function in λ+ µ ∈ N ′R and
properly grows in µ ∈ NR. We also remark that the L2-orthogonal part of (X ,L) to
vector fields is attained by a rational µ and J-norm of the projected test configuration
is equivalent to what we defined above. See [His16b] for the detail. It seems that,
however, we still need the definition of JNA(Xµ,Lµ) for general µ ∈ NR in proving the
slope formula for the reduced J-functional.
1.4. Function of log-norm singularities. In this subsection we study J(ϕg) as a
function in g ∈ Aut(X,L). If one takes ϕ as a Fubini-Study type fiber metric
ϕ(x) =
1
Nk
log
( |s1(x)|2 + · · ·+ |sNr(x)|2 )
defined by the basis s1, . . . , sNr ∈ H0(X, rL), the pull-back ϕg makes sense for g ∈
GL(Nr;C). The above exponent r is taken sufficiently large and absolute value of the
section regards the local trivialization. We define the functionals
e(g) := E(ϕg), j(g) := J(ϕg), and m(g) := M(ϕg).
Let us starts from the following observation. The author learned the argument from
the communication with Professor S. Boucksom. Denote the identity component of the
automorphism group by Aut0(X,L).
8 TOMOYUKI HISAMOTO
Proposition 1.6. The energies e and m are pluriharmonic and j is plurisubharmonic
along Aut0(X,L).
Proof. Let us take an arbitrary holomorphic map g : ∆ → Aut0(X,L) which sends
z ∈ ∆ in the one dimensional disk to g(z). We have the well-known fiber integration
formula: √
-1∂∂¯z E(ϕg(z)) = (n+ 1)
−1V −1
∫
X
(
√
-1∂∂¯z,x ϕg(z)(x))
n+1.
Define the holomorphic map F : ∆×X → X by F (z, x) := g(z)x and proceed as
(
√
-1∂∂¯z,x ϕg(z)(x))
n+1 = (
√
-1∂∂¯z,x F
∗ϕ)n+1 = F ∗(
√
-1∂∂¯x ϕ)
n+1 = 0.
This completes the proof for e. Plurisubharmonicity of j is immediate. Let us focus
on the m. We regard K-energy as a metric on the Deligne pairing 〈K∆×X/∆Ln〉+ (n+
1)−1Sˆ〈Ln+1〉 with L := F ∗L (see e.g. [BHJ16] for such identification). Then the proof
is reduced to show√
-1∂∂¯z,x
〈
log(
√
-1∂∂¯ ϕg(z))
n, ϕg(z), . . . , ϕg(z)
〉
= 0,
where the Monge-Ampe´re operator is taken overX. Endow the metric Ψ := log(ddcϕg(z))
n
on the relative canonical K∆×X/∆ and ψ := log(ddcϕ)n on KX . Since the natural au-
tomorphism G : (z, x) 7→ (z, g(z)x) of ∆ × X induces F ∗KX ' p∗2KX = K∆×X/∆ it is
enough to show
F ∗ψ = Ψ.
This can be checked fiberwisely. Indeed for each fixed z we have the inclusion iz : X →
∆×X such that
eΨz = (ddci∗zF
∗ϕ)n = i∗z(dd
c
z,xF
∗ϕ)n
= i∗zF
∗(ddcϕ)n = g(z)∗(ddcϕ)n.

Plurisubharmonicity on GL(Nr,C) is not the case. A fundamental result of [Paul12]
(see also [Li12]) tells us that asymptotic of these functions are controlled by the differ-
ence of two plurisubharmic functions. More specifically it is described by the actions to
two homogeneous polynomials; X-resultant R and X-hyperdiscriminant ∆ associated
with the Kodaira embedding. To be precise, taking norms ‖·‖ of GL(Nr;C)-vector
space and the Hilbert-Schmidt norm ‖·‖HS of GL(Nr;C) itself we have
m(g) = V −1 log ‖g ·∆‖ − V −1 deg ∆
degR
log ‖g ·R‖+O(1) and
j(g) = V −1 log ‖g‖HS − V −1
1
degR
log ‖g ·R‖+O(1).
Moreover the second term for j just corresponds to the Aubin-Mabuchi functional. The
point here is that we can not expect to have a single log-norm term as we had in the
classical GIT setting. In the terminology of [BHJ16], for a general reductive group G a
function f : G→ R of the form
f(g) = a log ‖g · v‖ − b log ‖g · w‖+O(1)
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is said to have log-norm singularities. Even in this generalized “pair of log-norm terms
” setting, we have the correspondence of the Hilbert-Mumford weight for a given one-
parameter subgroup.
Theorem 1.7 (Theorem 4.4 of [BHJ16]). Let f be a function on G with log norm
singularities. Then,
(i) For each one-parameter subgroup λ : C∗ → G there exists fNA(λ) ∈ Q such that
f(λ(τ)) = fNA(λ) log |τ |−1 +O(1)
for |τ | 6 1.
(ii) f is bounded below on G iff fNA(λ) > 0 for all one-parameter subgroup λ.
Remark 1.8. In the proof of Theorem B, we will use the above theorem for G =
T ⊆ Aut(X,L). For general G the O(1) term depends on λ because the maximal torus
containing λ is not unique. However, when G is a fixed torus one can take O(1) uniform
in λ ∈ N . This is one of the necessity why we work on the torus setting.
1.5. Proof of Theorem B. Let us take a T -equivariant test configuration (X ,L) to
show the slope formula:
JNAT (X ,L) = lim
t→∞
JT (ϕ
t)/t.
We first observe that the limit on the right-hand side exists. Indeed a function
F (g, τ) := J(ϕ
− log|τ |
g ) on T ×∆ is plurisubharmonic by Proposition 1.6. It is moreover
S-invariant since Φ is S-invariant. We conclude by Kiselman’s minimum principle that
inf
g∈T
F (g, τ)
is pluriharmonic in τ ∈ ∆, hence JT (ϕt) is convex. Combined with the linear bound
JT (ϕ
t) 6 J(ϕt) 6 Ct convexity assures the limit.
Notice that any choice of Φ gives the same limit. For any other Ψ, difference of two
fiber metrics Φ−Ψ is uniformly bounded over the unit closed disc. It is easy to check
the inequality ∣∣JT (ϕt)− JT (ψt)∣∣ 6 2 sup
X
∣∣ϕt − ψt∣∣ .
Next we show
Lemma 1.9. For any ϕ there exists g ∈ T which attains the infimum JT (ϕ) = J(ϕg).
Proof. From Theorem 1.7 the function j(g) = J(ϕg) is controlled as
j(µ(e−t)) = JNA(µ)t+O(1),
where JNA(µ) is equivalent to the non-Archimedean functional of the product test con-
figuration generated by µ. As we saw in Remark 1.8 the above O(1) term is independent
of µ ∈ N . We obtain the same conclusion for µ ∈ NQ by the homogeneity. From the
description (1.3) for the trivial test configuration it is easy to see that JNA > 0 for
µ ∈ NQ and the equality holds iff µ is trivial. The homogeneity and the continuity
property extends JNA to a rational, piecewise-linear strictly convex function on NR.
We claim that j(g)→∞ as g →∞ in T . If not, we have a sequence gk →∞ with j(gk)
bounded. Denote the first projection of gk ∈ T = NR × S by log |gk|. Note that even if
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log |gk| ∈ NR is irrational log |gk| (e−t) ∈ T is well-defined for any t ∈ [0,∞). Since ϕ is
S-invariant it yields
j(gk) = j(log |gk| (e−1)) = JNA(log |gk|) +O(1)
which is a contradiction. 
Now we prove the slope formula. When µ ∈ N , the twisted ray ϕtµ(e−t) is associated
with (Xµ,Lµ). It follows
JNA(Xµ,Lµ) = lim
t→∞
J(ϕt(µ)(e−t))/t > lim
t→∞
JT (ϕ
t)/t.
The homogeneity shows the same conclusion for µ ∈ NQ.
The problem is another direction. From the lemma we may take gt so that J(ϕ
t
gt) =
JT (ϕ
t). The almost triangle inequality shows
cnI(ϕ
0, ϕ0
g−1t
) 6 I(ϕ0, ϕt) + I(ϕt, ϕ0
g−1t
) = I(ϕ0, ϕt) + I(ϕ0, ϕtgt).
Since the last term I(ϕ0, ϕtσt) is bounded from above by
(n+ 1)J(ϕtσt) = (n+ 1)JT (ϕ
t) 6 (n+ 1)J(ϕt) 6 Ct,
we obtain the linear bound
j(gt) = J(ϕ
0
gt) 6 Ct.
The left-hand side is equivalent to
j(
1
t
log |gt| (e−t)) = JNA(1
t
log |gt|)t+O(1)
hence it implies
JNA(
1
t
log |gt|) 6 C.
As we already observed that JNA is a piecewise-linear strictly convex function on NR the
above bound produces a convergent subsequence 1
tk
log |gtk | → µ ∈ NR. The uniform
convergence
Φ((λ+
1
tk
log |gtk |)(e−tk)z)→ Φ((λ+ µ)(e−tk)z)
follows from the compactness of X over the unit closed disk. With the estimate∣∣∣J(ϕtgt)− J(ϕtµ(e−t))∣∣∣ 6 2 sup
X
∣∣∣ϕtgt − ϕtµ(e−t)∣∣∣ ,
we conclude
lim
t→∞
JT (ϕ
t)/t = lim
t→∞
J(ϕt
µ(e−t ))/t = J
NA(Xµ,Lµ) > JNAT (X ,L).
2. Coercivity for the toric case
We start from quickly reviewing the toric setting for the readers’ convenience. See
[Gui94], [Abr98], and [Don02] for the detail. Let M be a integral lattice of rank n. A
toric polarized manifold is defined by a Delzant polytope P in MR := M ⊗Z R. In our
convention P contains its boundary and we distinguish the interior as P ◦. Notation for
the dual lattice N consists with the previous sections. The complex torus T := N ⊗C∗
naturally acts on X with the open dense orbit.
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2.1. Torus-invariant metrics. Every moment map µ : X → MR gives a homeomor-
phism X0 := µ
−1(P ◦) ' S × P ◦ so that NR × P ◦ universally covers X0. We further
take a coordinate (x1, . . . , xn) of MR. Dual coordinate (η1, . . . , ηn) of NR induces the
complex coordinate log zi = ξi +
√−1ηi of X0 ' (C∗)n. The Ka¨hler metric defining µ
is written in X0 as
ω =
∑
dxi ∧ dηi.
Conversely, any S-invariant Ka¨hler metric ωϕ =
√
-1∂∂¯ ϕ is represented by the local
function ϕ on X0. If one denotes it by ϕ(ξ1, . . . ξn) the gradient
(z1, · · · zn) 7→
( ∂ϕ
∂ξ1
, . . . ,
∂ϕ
∂ξn
)
gives the moment map for ωϕ. Notice that the image P is independent of these addi-
tional data.
The Legendre transform
u(x1, . . . , xn) := sup
{∑
xiξi − ϕ(ξ)
}
=
∑
xiξi − ϕ(ξ) if xi = ∂ϕ
∂ξi
is called toric potential. By the standard Delzant construction, one can prove that
u defines a convex function on P ◦. Moreover, u is characterized by the Guillemin
boundary condition.
If one take an affine function and rescales u to u − ∑ aixi − b, ϕ changes into
ϕ(ξi + ai) + b. Note that the change of variables ξi 7→ ξi + ai is just given by the
torus-action. We may rescale u to have a point x0 ∈ P ◦ as a minimizer. Rescaling
again by ∑
aixi + b =
∑ ∂u
∂xi
(x0)(xi − x0i ) + u(x0)
one obtains the toric potential u satisfying
(i) inf
P
u = u(x0) = 0 and
(ii)
∂u
∂xi
(x0) = 0 for all 1 6 i 6 n.
We say u is normalized at this end.
The scalar curvature is given by a fourth-order differential of u.
Theorem 2.1 ([Abr98]). For any toric potential
(i) Hessian is transformed as
(uij) :=
( ∂2u
∂xi∂xj
)
=
( ∂2ψ
∂ξi∂ξj
)−1
if xi =
∂ψ
∂ξi
.
(ii) Let (uij) := (uij)
−1. The scalar curvature is given by fsymplectic
Sϕ = −1
2
n∑
i,j=1
∂2uij
∂xi∂xj
if xi =
∂ψ
∂ξi
.
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
Based on the above [Don02] proved the following formula.
Theorem 2.2. Let u be the toric potential of an S-invariant metric ϕ. Then the energy
functionals are written as
E(ϕ) = − 1
V
∫
P
u and
M(ϕ) = −
∫
P
log det(uij) +
∫
∂P
u− Sˆ
∫
P
u.

It is remarkable in the toric case that the linear part is given by
L(u) =
∫
∂P
u− Sˆ
∫
P
u.
We will consider the energy as a function in u and write as E(u) or M(u) in abuse of
notation. For J-functional we recall:
Lemma 2.3 ([ZZ08b], Lemma 2.1). There exists a constant C > 0 such that for any
normalized toric potential u ∣∣∣∣ J(ϕ)− 1V
∫
P
u
∣∣∣∣ 6 C.

2.2. Toric test configurations. Let us continuously fix the coordinate of MR. By
definition of the moment map, any Hamilton function associated with µ ∈ NR is trans-
lated into the affine function on P . General toric test configuration corresponds to
a convex, rational piecewise-linear function f : P → R. In fact the compactification
(X ,L)→ P1 is constructed by the (n+ 1)-dimensional polytope
P :=
{
(x, y) ∈MR × R : f(x) 6 y 6 B
}
, (2.1)
where the constant B > maxP f is taken sufficiently large. Note that X is necessary
normal. Non-Archimedean K-energy precisely equals to
L(f) =
∫
∂P
f − Sˆ
∫
P
f. (2.2)
We have a combinatorial description of the volume V = vol(P ) and
Sˆ =
area(∂P )
vol(P )
. (2.3)
The above integration on P is for the Lebesgue measure of MR ' Rn and the area
measure dσ on the facet {x ∈ P : `(x) = 0} is determined by
dx1 · · · dxn = ±dσ ∧ d`.
Remark 2.4. The above L(f) is not equivalent to the Donaldson-Futaki invariant in-
troduced by [Don02]. Indeed L(f) should be homogeneous for the normalized finite base
change while the Donaldson-Futaki invariant is not. They are equivalent when the cen-
tral fiber X0 is reduced. See [BHJ15] for the detail.
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2.3. Proof of Theorem A. We prove the rest half of Theorem A; stability to coercivity
direction. Let S be the collection of toric potentials with the Guillemin boundary
condition. By a standard approximation result (Proposition 5.2.8 and Corollary 5.2.5
of [Don02]), we may assume that L(u) > ε ‖u‖J holds for any u ∈ S. We also need the
space C∞ which consists of continuous convex function smooth on P ◦.
Fix u0 ∈ S to set
L0(u) :=
∫
∂P
u−
∫
P
(
− 1
2
∑
i,j
∂2uij0
∂xi∂xj
)
u and
M0(u) := −
∫
P
log det(uij) + L0(u).
The idea of the proof originates from the following lemma.
Proposition 2.5 ([Don02], Proposition 3.3.4). For any u ∈ C∞, M0(u) > M0(u0)
holds.

If u > 0, Ho¨lder’s inequality shows
|L(u)− L0(u)| =
∣∣∣∣∣
∫
P
(
Sˆ +
1
2
∑
i,j
∂2uij0
∂xi∂xj
)
u
∣∣∣∣∣ 6 CV
∫
P
u.
For an arbitrary u ∈ S we take an affine function ` and apply the above inequality to
(u+ `)−minP{u+ `} > 0. It follows
|L(u)− L0(u)| 6 C ‖u‖J .
Next we take a large k ∈ N and decompose the J-norm as
‖u‖J = (k + 1) ‖u‖J − k ‖u‖J .
The first term (k + 1) ‖u‖J is estimated by the stability L(u) > ε ‖u‖J so that
|L(u)− L0(u)| 6 C(k + 1)ε−1L(u)− Ck ‖u‖J .
Therefore K-energy is bounded from below by
M(u) > −
∫
P
log det(uij) +
1
1 + C(k + 1)ε−1
L0(u) +
Ck
1 + C(k + 1)ε−1
‖u‖J
= M0(
u
1 + C(k + 1)ε−1
)− n log(1 + C(k + 1)ε−1) + Ck
1 + C(k + 1)ε−1
‖u‖J .
The first term M0 is bounded from below by Proposition 2.5. This is the point where
we need C∞ because the constant mutiple of u does not satisfy the Guillemin boundary
condition. As k → ∞ the coefficient of J-norm approaches to ε. If u is normalized
Lemma 2.3 yields ‖u‖J = V −1
∫
P
u > J(u)− C. Summarizing up we obtain constants
C ′ and ε′ close to ε such that
M(u) > ε′J(u)− C ′
holds for any normalized u ∈ S.
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Let us finally rescale u. For any affine function ` we have
M(u+ `) = M(u) + L(`). (2.4)
One can easily check this by Theorem 2.2. The stability assumption yields L(`) >
‖`‖J = 0. Since −` is also affine we have L(−`) > 0 . Thus L(`) = 0 and we conclude
M(u) > ε′ inf
`
J(u+ `)− C ′
for any u ∈ S. As we noted, addition of an affine function corresponds to the torus
action.

In toric terminology the associated weak geodesic ray is equivalent to u+ tf˜ , where
f˜ := f − V −1 ∫
P
f . See [SZ12] for the detail. Since the non-linear term of M(u+ tf˜) is
independent of t the stability should follow if one takes the slope of
M(u+ tf˜) > δ inf
`
J(u+ tf˜ + `)− C.
We face the same problem; the affine function ` for the infimum depends on t.
Remark 2.6. The last part of the proof follows from the pluriharmonicity of m(g)
along Aut0(X,L). Actually T -coercivity implies m(g) bounded from below on the quasi-
projective variety hence it is constant. Combined with the slope formula we have
MNA(X ,L) = 0 for (equivariant) product configurations.
3. Remarks about stability and coercivity in the general setting
In relation with Theorem B, we discuss the definition of stability proposed in [His16b],
which would work for general polarizations and automorphism groups. The results
support our torus formulation given in the previous sections.
Definition 3.1. Let G ⊆ Aut0(X,L) be a reductive subgroup and C(G) the center of
G. Take a compact subgroup K such that G = KC.
We say that K-energy functional is G-coercive if it satisfies the growth condition
M(ϕ) > εJC(G)(ϕ)− C
for any K-invariant metric ϕ ∈ HK.
We say a polarized manifold (X,L) is uniformly K-stable for G if there exists a
constant ε > 0 such that
MNA(X ,L) > εJNAC(G)(X ,L)
holds for any G-equivariant test configuration (X ,L).
Notice that ϕg is K-invariant for any g ∈ C(G). Theorem B immediately implies:
Theorem 3.2. If K-energy functional is G-coercive the polarized manifold is uniformly
K-stable for G.
If X is a Fano manifold we have the natural polarization L = −KX . In this case we
have another energy characterized by the differential
δD(ϕ) =
1
V
∫
X
(δϕ)(eρ − 1)ωnϕ,
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where ρ is the normalized Ricci potential of ωϕ. A critical point gives the Ka¨hler-
Einstein metric which is equivalent to the constant scalar curvature metric. Non-
Archimedean D-energy DNA(X ,L) for a test configuration is defined and it gives the
slope of the energy. See [Berm16], [BHJ16] for the detail. We say a Fano manifold X
is uniformly D-stable for G if there exists a constant ε > 0 such that
DNA(X ,L) > εJNAC(G)(X ,L)
holds for any G-equivariant test configuration (X ,L) of (X,−KX).
Our formulation for the uniform K-stability can also be adopted to D-stability. In
particular G-coercivity of D-energy implies uniform D-stability for G. Moreover, follow-
ing [BBJ15] we may derive G-coercivity of D-energy from the parallel uniform stability.
This issue will be developed in our subsequent paper.
For a general polarization it seems still difficult to derive coercivity from uniform
stability. We proceed to explain the relation with constant scalar curvature Ka¨hler
metrics. The next statement clarifies we should take a general reductive subgroup.
Theorem 3.3. If a polarized manifold (X,L) admits a constant scalar curvature Ka¨hler
metric, then Aut0(X,L) is reductive and K-energy functional is coercive for G =
Aut0(X,L). We take K as the group of isometry. For a Ka¨hler-Einstein Fano manifold,
D-energy is coercive for Aut0(X,L).
Proof. This follows from the proof of Theorem 7.2 in [DR17], as soon as one has the
regularity result of [BDL16]. Here we apply Theorem 3.4 of [DR17] to the space of
K-invariant metrics endowed with the action of the center C(Aut0(X,L)). In the
same way as [DR17], it is sufficient to check the condition (P3) and (P5) of their
Hypothesis 3.2. If there exists a cscK metric, Theorem 1.4 of [BDL16] states that
any minimizer of K-energy (extended to singular metrics) is automatically smooth and
hence cscK. It assures the condition (P3). It follows from Bando-Mabuchi’s uniqueness
result that the two cscK metrics are connected by some g ∈ Aut0(X,L). We may
moreover say g ∈ CK(Aut0(X,L)) using a elementary group theory (see Theorem 7.7
and the proof of Claim 7.9 in [DR17]). Notice that CK(Aut
0(X,L)) = C(Aut0(X,L)),
since Aut0(X,L) = KC. Thus we have the condition (P5). Proof for D-energy is totally
the same. 
For a Fano manifold the coercivity in fact implies the existence of a metric. The
argument shows that the center actually controls the whole group.
Theorem 3.4. Let X be a Fano manifold. Assume that D-energy functional is coercive
for a reductive subgroup G = KC ⊆ Aut(X,−KX). Then X admits a K-invariant
Ka¨hler-Einstein metric in the first Chern class.
Proof. The proof relies on the variational approach developed by a seminal work of
[BB10], [BBGZ13] and [BBEGZ11]. First we note that JC(G) is an exhaustion function
on HK/C(G). One can directly check it using the argument for J in [BBGZ13], or
it also follows from the fact that JNAC(G)(X ,L) is strictly positive for any non-product
equivariant test configuration (see [BHJ15] for C(G) = {id} case). The coercivity
condition
D(ϕ) > εJC(G)(ϕ)− C
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onHK implies that Ding functional has a minimizer ϕ on the L1-completion E1,K/C(G).
It is easy to check that the associated function d(g) = D(ϕg) in g ∈ Aut0(X,L) is
pluriharmonic, similarly to Proposition 1.6. The same argument as Remark 2.6 yields
that d(g) is constant along the center.
Now we recall that for any one-parameter subgroup µ : C∗ → G the slope of d(µ(e−t))
is equivalent to the classical Futaki character. Since the character is defined on the
reductive Lie algebra g (written as the direct sum of the center and the derived algebra)
the slopes are nontrivial only along the center. Therefore d(g) is actually constant along
G.
The differentiability theorem of [BB10] assures∫
X
u(dD)ϕ = 0
for any K-invariant smooth function u. Since d(g) is constant along the whole G, the
measure µ := (dD)ϕ is K-invariant. It then follows that for any smooth function v and
g ∈ K ∫
X
vµ =
∫
X
g∗(vµ) =
∫
X
((g−1)∗v)g∗(µ) =
∫
X
((g−1)∗v)µ.
Integrating against the Haar measure we have∫
X
vµ =
∫
X
uµ = 0.
It yields µ = 0 as desired.

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